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Let k := Q(
√
−D) be an imaginary quadratic number field and Zk be the corresponding ring

of integers. For t ∈ Zk let be

ft(x) := x3 − (t− 1)x2 − (t + 2)x− 1

and α = α(1) be a root of ft. Let be γ ∈ Zk[α]. For all t with <t ≤ − 1
2 and =t > 0

|Nk(α)/k(γ)| ≤ |2t + 1|
implies that γ is associated to an integer in Zk or

(1) γ = µβαb1(α + 1)b2

where µ is a unit of Zk, b1, b2 ∈ Z and β is either an element of the triple {α−1,−(2α+1), α+2}
(satisfying Nk(α)/k(β) = 2t + 1) or an element of the triples presented in the list L(t, α, β) below.

(For details we refer the reader to [1].)
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L(t, α, β)
Discriminant Nk(α)/k(β) β
D = 1 and

1+i
2 (2t+1)− 5

2 (1− i) {−(α + b), (1− b)α + 1, bα− 1 + b}

|t| ≥ 6 and
t ∈ {−3 + 5i,−5 + 3i,
−4 + 4i,−5 + 2i,
−5 + i,−4 + 3i,
−4 + 2i,−4 + i}
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L(t, α, β)
D = 1 and

1+i
2 (2t+1)+ 5

2 (1− i) {−(α + 1− b), bα + 1, (1− b)α− b}|t| ≥ 4 and
t ∈ {−2 + 3i,−3 + 2i,
−2 + 2i,−3 + i}

D = 1 and
1−3i

2 (2t + 1)− 9+7i
2

{α + 2− b, (1− b)α− 1,−((2− b)α + 1− b)}t ∈ {−3 + 4i,−2 + 4i,
−1 + 4i,−3 + 3i,
−1 + 3i,−2 + 2i}

D = 1 and −(2 + i)(2t + 1)−
7 + 11i

{α + 1− 2b,−(2bα + 1), (2b− 1)α + 2b}t ∈ {−1 + 5i,−2 + 4i,
−1 + 4i,−2 + 3i}

D = 1 and 1 + 10i {−(α− 2b), (1 + 2b)α + 1,−(2bα + 1 + 2b)}
t = −1 + 5i 3− 8i {α + 1− 4b,−(4bα + 1), (4b− 1)α + 4b}
|t| =

√
26 9− 4i {−(α2 + (4− 5b)α− 1− b), (4− 4b)α2 + (2− 5b)α− 1,

(1 + b)α2 + (6− 3b)α + 4− 4b}
D = 1 and 6− 6i {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
t = −2 + 4i 6− i {α + 2− 3b, (1− 3b)α− 1,−((2− 3b)α + 1− 3b)}
|t| = 2

√
5 4− 5i {α2 + (2− 3b)α− b,−((1− 2b)α2 − 3bα− 1),

−(bα2 + (2− b)α + 1− 2b)}
D = 1 and

5 + 6i {α+3−2b, (2−2b)α−1,−((3−2b)α+2−2b)}t = −3 + 3i

|t| = 3
√

2
D = 1 and 1− 8i {α2 + (3− 2b)α− b, (b− 2)α2 + (2b− 1)α + 1,
t = −1 + 4i −(bα2 + 3α + 2− b)}
|t| =

√
17 or

{−(α2 + 4α− b), (3 + b)α2 + 2α− 1, bα2 + (4 + 2b)α + 3 + b}
2− 6i {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
3− 4i {α2 + (1− 3b)α + 1, (1 + 3b)α2 + (1 + 3b)α + 1,

α2 + (1 + 3b)α + 1 + 3b}
2− 3i {α + 1− 3b,−(3bα + 1),−((1− 3b)α− 3b)}
1− 6i {α− 2b,−((1 + 2b)α + 1), 2bα + 1 + 2b}
1 + 4i {−(α2 + (1− 3b)α− b),−(2bα2 + (1 + 3b)α + 1),

bα2 + (1− b)α− 2b}
5− 6i {α2 + 2α− b,−((1 + b)α2 − 1),−(bα2 + (2 + 2b)α + 1 + b)}

D = 1 and 6− 2i {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
t = −2 + 3i −3− 4i {α2 + (3− 2b)α + 2, 2bα2 − (1− 2b)α + 1, 2α2 + (1 + 2b)α + 2b}
|t| =

√
13 3 + 2i {α + 2− 2b, (1− 2b)α− 1,−((2− 2b)α + 1− 2b)}

3 {α2 + (2− 2b)α− b, (b− 1)α2 + 2bα + 1,−(bα2 + 2α + 1− b)}
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L(t, α, β)
D = 1 and 1− 6i {−((1 + 2b)α2 + (3 + b)α + 1), (1− b)α2 + (1− 3b)α− 1− 2b,
t = −1 + 3i −(α2 − (1 + b)α− 1 + b)},
|t| =

√
10 {−(α2 − bα− 1 + b),−(2bα2 + (2 + b)α + 1), (1− b)α2 + (2− 3b)α− 2b},

{−(α2 + (2 + b)α + 1− b), 2bα2 + bα− 1,−((1− b)α2 − 3bα− 2b)},
{−(α2 + (2− 5b)α− 2− b), (3− 4b)α2 − 5bα− 1, (2 + b)α2 + (6− 3b)α + 3− 4b},

{−(α2 + (3 + b)α + 2), bα2 + (1 + b)α− 1,−(2α2 + (1− b)α− b)}
or {−(α2 + (6 + 2b)α + 5), 2bα2 + (4 + 2b)α− 1,−(5α2 + (4− 2b)α− 2b)}

2− 2i {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
or {−((2− 2b)α− 1− b), (3− b)α + 2− 2b,−((1 + b)α + 3− b)}

2− 5i {3α + 2− b,−((1 + b)α + 3),−((2− b)α− 1− b)},
{−(α2 − (1 + 2b)α− 1 + b),−((1 + 3b)α2 + (3 + 2b)α + 1),

(1− b)α2 + (1− 4b)α− 1− 3b},
{−(α2 + 3α− b), (2 + b)α2 + α− 1, bα2 + (3 + 2b)α + 2 + b},

{−(α2 + 3α + 7− b),−((5− b)α2 − α + 1),−((7− b)α2 + (11− 2b)α + 5− b)},
{α2 + (3− 2b)α− b, (b− 2)α2 + (2b− 1)α + 1,−(bα2 + 3α + 2− b)},

{2α2 + (2− 5b)α− 2− 2b,−((2− 3b)α2 − (2 + 5b)α− 2),
−((2 + 2b)α2 + (6− b)α + 2− 3b)}

or {−(2α2 + (3− 4b)α− 2− b), (3− 3b)α2 − (1 + 4b)α− 2,
(2 + b)α2 + (7− 2b)α + 3− 3b}

4 + i {α + 2− b, (1− b)α− 1,−((2− b)α + 1− b)},
{−((4 + 5b)α + 2− 2b), (2 + 7b)α + 4 + 5b, (2− 2b)α− 2− 7b},

{α2 + b, (1 + b)α2 + 2α + 1, bα2 + 2bα + 1 + b},
{α2 + (1− 2b)α− 1 + b,−((1− 3b)α2 − (1 + 2b)α− 1),

−((1− b)α2 + (3− 4b)α + 1− 3b)},
{α2 + (1− 2b)α + 1, (1 + 2b)α2 + (1 + 2b)α + 1, α2 + (1 + 2b)α + 1 + 2b},

{−(2α2 + (2− 4b)α− 2− b), (2− 3b)α2 − (2 + 4b)α− 2,
(2 + b)α2 + (6− 2b)α + 2− 3b}

or {−(2α2 + (4− 5b)α− 2− 2b), (4− 3b)α2 − 5bα− 2,
(2 + 2b)α2 + (8− b)α + 4− 3b}

3− 2i {−(α− 2b), (1 + 2b)α + 1,−(2bα + 1 + 2b)},
{α2 − (2 + b)α + b, (3 + 2b)α2 + (4 + b)α + 1, bα2 + (2 + 3b)α + 3 + 2b}

or {−(3α2 + (3− 7b)α− 3− b), (3− 6b)α2 − (3 + 7b)α− 3,
(3 + b)α2 + (9− 5b)α + 3− 6b}

D = 1 and
3− 4i {α2+2α−1−b,−((2+b)α2−1),−((1+b)α2+(4+2b)α+2+b)}t = −2 + 2i

|t| = 2
√

2
D = 1 and −1 + 4i {3α + 2− b,−((1 + b)α + 3),−((2− b)α− 1− b)},
t = −1 + 2i {α2 + b, (1 + b)α2 + 2α + 1, bα2 + 2bα + 1 + b}
|t| =

√
5 or {α2 − (1 + b)α + b, (2 + 2b)α2 + (3 + b)α + 1,

bα2 + (1 + 3b)α + 2 + 2b}
2 + 3i {−(α− 1− b), (2 + b)α + 1,−((1 + b)α + 2 + b)}

or {−(2α2 + (4− 3b)α− b), (2− 2b)α2 − 3bα− 2,
bα2 + (4− b)α + 2− 2b}

2 + 2i {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
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L(t, α, β)
D = 2 and

2+
√

2i
2 (2t + 1) +

1
2 (8− 7

√
2i)

{−(α + 1− b), bα + 1, (1− b)α− b}t ∈ {−1 + 10i
√

2,−5 + 9i
√

2,

−7 + 7i
√

2,−7 + 4i
√

2,

−5 + 2i
√

2}
D = 2 and

2+
√

2i
2 (2t + 1) +

1
2 (8− 7

√
2i)

{−(α + 1− b), bα + 1, (1− b)α− b}t ∈ M3 and
t ∈ {−6 + 8i

√
2,−7 + 6i

√
2,

−7 + 5i
√

2,−6 + 3i
√

2}
D = 2 and 2−

√
2i

2 (2t + 1)−
1
2 (8 + 7

√
2i)

{−(α−b), (1+b)α+1,−(bα+1+b)}t ∈ M3

D = 2 and
3− 6i

√
2

{α2 + (2− 2b)α− b, (b− 1)α2 + 2bα + 1,

t = −2 + 3i
√

2 −(bα2 + 2α + 1− b)}
|t| =

√
22

D = 2 and 3− 4i
√

2 {α + 1− 2b,−(2bα + 1), (2b− 1)α + 2b}
t = −1 + 3i

√
2

5 + 3i
√

2 {−(5α−b), (5+b)α+5,−(bα+5+b)}|t| =
√

19
D = 2 and

3 + 2i
√

2 {α+2−b, (1−b)α−1,−((2−b)α+1−b)}t = −2 + 2i
√

2
|t| = 2

√
3

D = 2 and 1− 4i
√

2 {−(α2 + (4 + b)α + 3), bα2 + (2 + b)α− 1,
t = −1 + 2i

√
2 −(3α2 + (2− b)α− b)},

|t| = 3 {bα2 + (3 + 3b)α + 4 + b, (1− b)α2 − (3 + b)α + b,
(4 + b)α2 + (5− b)α + 1− b}

or
{bα2 + (2 + 4b)α + 3 + 2b, (1− b)α2 − (2 + 2b)α + b,

(3 + 2b)α2 + 4α + 1− b}
4 + 2i

√
2 {2α + 2− b,−(bα + 2),−((2− b)α− b)}

or{−((2− b)α2 + (2− 3b)α− 2− b),
(2− b)α2 − (2 + b)α− 2 + b,
(2 + b)α2 + (6− b)α + 2− b}

1− i
√

2 {4α + 3− b,−((1 + b)α + 4),−((3− b)α− 1− b)}
5− i

√
2 {3α + 2− b,−((1 + b)α + 3),−((2− b)α− 1− b)}

3− i
√

2 {α + 2− b, (1− b)α− 1,−((2− b)α + 1− b)},
{2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)},

{α2 + 2α− b,−((1 + b)α2 − 1),
−(bα2 + (2 + 2b)α + 1 + b)}

or {α2 + (1− b)α + 1, (1 + b)α2 + (1 + b)α + 1,
α2 + (1 + b)α + 1 + b}

2i
√

2 {−(2α− b), (2 + b)α + 2,−(bα + 2 + b)}
1 + 2i

√
2 {α2 + α + 1, α2 + α + 1, α2 + α + 1}

or {−(α2 + (2− b)α + 1),−(bα2 + bα + 1),−(α2 + bα + b)}
5 + i

√
2 {−((1− b)α2 − 3bα− 2− b),

(1− b)α2 − (2 + b)α− 1 + b,
(2 + b)α2 + (4− b)α + 1− b}
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L(t, α, β)
D = 3 and i

√
3

2 (2t+1)− 7
2

{α+1+b, bα−1,−((1+b)α+b)}
t 6∈ M4

D = 3 and i
√

3
2 (2t + 1) + 7

2 {α− b,−((1 + b)α + 1), bα + 1 + b}
t 6= − 1

2 + i
√

3
2

2t+1
2 − 3i

√
3

2 {−(α + 1− b), bα + 1, (1− b)α− b}
D = 3 and 2t+1

2 + 3i
√

3
2

{−(α+b), (1−b)α+1, bα−1+b}|t| > 2
D = 3 and − 3−i

√
3

2 (2t + 1) {−(α + 1− 2b), 2bα + 1,−((2b− 1)α + 2b)}
t ∈ {− 1

2 + 7i
√

3
2 ,−2 + 3i

√
3, + 11+9i

√
3

2

−1 + 3i
√

3,− 5
2 + 5i

√
3

2 , − 3+i
√

3
2 (2t + 1) {α + 2− 2b, (1− 2b)α− 1,−((2− 2b)α + 1− 2b)}

− 3
2 + 5i

√
3

2 ,− 1
2 + 5i

√
3

2 , − 11−9i
√

3
2

−2 + 2i
√

3,−1 + 2i
√

3} 2t+1
2 − 3i

√
3

2 {(α + 1− b)2, (bα + 1)2, ((1− b)α− b)2}
D = 3 and

19
2 + 5i

√
3

2

{−(α2 + (4− 4b)α− b),
t = −1 + 3i

√
3 −((3b− 3)α2 + (4b− 2)α + 1),

|t| = 2
√

7 bα2 − (2b− 4)α + 3− 3b}
D = 3 and

4− 5i
√

3
{2α2 + (4− b)α− b,−(2α2 − bα− 2),

t = − 5
2 + 5i

√
3

2 −(bα2 + (4 + b)α + 2)}
|t| = 5

D = 3 and
17
2 − i

√
3

2
{α+5−3b, (4−3b)α−1,−((5−3b)α+4−3b)}t = −3 + 2i

√
3

|t| =
√

21
D = 3 and 1− 4i

√
3 {α + 4− 4b, (3− 4b)α− 1,−((4− 4b)α + 3− 4b)}

t = − 3
2 + 5i

√
3

2 7− 3i
√

3 {α + 3− 3b, (2− 3b)α− 1,−((3− 3b)α + 2− 3b)}
|t| =

√
21 8− i

√
3 {α + 3− 4b, (2− 4b)α− 1,−((3− 4b)α + 2− 4b)}

2 + 3i
√

3 {−(α2 + (4− 3b)α− b), (3− 2b)α2 + (2− 3b)α− 1,
bα2 + (4− b)α + 3− 2b}

5 + 4i
√

3 {−(α2 + (4− 4b)α + 1), (2− 4b)α2 + (2− 4b)α− 1,
−(α2 − (2− 4b)α− 2 + 4b)}

D = 3 and −4 {α2 + (3− 4b)α + 1− 2b, (2b− 1)α2 + (4b− 1)α + 1,

t = − 1
2 + 5i

√
3

2 −((2b− 1)α2 + α + 1− 2b)}
|t| =

√
19 4

√
3i {α + 2− 3b, (1− 3b)α− 1,−((2− 3b)α + 1− 3b)}

4− 3
√

3i {α + 2− 4b, (1− 4b)α− 1,−((2− 4b)α + 1− 4b)}
4 + 3

√
3i {−(α + 3− 4b),−((2− 4b)α− 1), (3− 4b)α + 2− 4b}

−5 {α2 + (4− 4b)α− b, (3b− 3)α2 + (4b− 2)α + 1,
−(bα2 − (2b− 4)α + 3− 3b)}

8 {α2 + (4− 6b)α− 1− b, (5b− 4)α2 + (6b− 2)α + 1,
−((b + 1)α2 − (4b− 6)α + 4− 5b)}

D = 3 and 6 + i
√

3 {α + 3− 2b, (2− 2b)α− 1,−((3− 2b)α + 2− 2b)}
t = −2 + 2i

√
3 11

2 + 3i
√

3
2 {α + 3− 3b, (2− 3b)α− 1,−((3− 3b)α + 2− 3b)}

|t| = 4 7
2 −

3i
√

3
2 {α + 4− 3b, (3− 3b)α− 1,−((4− 3b)α + 3− 3b)}

5
2 −

3i
√

3
2 {α2 + (3− 2b)α− b, (b− 2)α2 + (2b− 1)α + 1,

−(bα2 + 3α + 2− b)}
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L(t, α, β)
D = 3 and 1− 4i

√
3 {α2 + (2− 2b)α + 1, 2bα2 + 2bα + 1, α2 + 2bα + 2b}

t = −1 + 2i
√

3 − 1
2 −

7i
√

3
2 {α2 + (2− b)α + 1, bα2 + bα + 1, α2 + bα + b}

|t| =
√

13 9
2 + 3i

√
3

2 {(1− 2b)α− 1− b,−((2− b)α + 1− 2b), (1 + b)α + 2− b}
9
2 −

3i
√

3
2 {(1− 2b)α2 − (3 + 3b)α− 1− b, 3α2 + (5− b)α + 1− 2b,

−((1 + b)α2 − (1 + b)α− 3)}
5− 2i

√
3 {α + 3− 2b, (2− 2b)α− 1,−((3− 2b)α + 2− 2b)}

5 + 2i
√

3 {α2 + α + 1, α2 + α + 1, α2 + α + 1}
7
2 −

i
√

3
2 {α + 2− 3b, (1− 3b)α− 1,−((2− 3b)α + 1− 3b)}

1
2 + 3i

√
3

2 {−(α + 3− 3b),−((2− 3b)α− 1), (3− 3b)α + 2− 3b}
− 13

2 + 3i
√

3
2 {α2 + (1 + b)α + 1, (1− b)α2 + (1− b)α + 1, α2 + (1− b)α + 1− b}

or {α2 + (3− 2b)α + 4− b, (2 + b)α2 − (1− 2b)α + 1,
(4− b)α2 + 5α + 2 + b}

11
2 + 3i

√
3

2 {α2 + (1 + b)α + 1− b, (1− 2b)α2 + (1− b)α + 1,
(1− b)α2 + (1− 3b)α + 1− 2b}

11
2 − 3i

√
3

2 {α2 + (3 + 3b)α + 2− 2b,−(5bα2 + (1 + 3b)α− 1),
(2− 2b)α2 + (1− 7b)α− 5b}

5
2 + 3i

√
3

2 {α2 + (4− 5b)α− 1− b,−((4− 4b)α2 + (2− 5b)α− 1),
−((1 + b)α2 + (6− 3b)α + 4− 4b)}

11
2 + 5i

√
3

2 {(α− b)2, ((1 + b)α + 1)2, (bα + 1 + b)2}
or {−((1 + b)α2 + (7− 3b)α + 6− 5b), bα2 + (5− 5b)α− 1− b,

−((6− 5b)α2 + (5− 7b)α− b)}
D = 3 and 2 + 3i

√
3 {α + 3− 2b, (2− 2b)α− 1,−((3− 2b)α + 2− 2b)}

t = − 5
2 + 3i

√
3

2 5 + 2i
√

3 {α + 2− 2b, (1− 2b)α− 1,−((2− 2b)α + 1− 2b)}
|t| =

√
13 4 + i

√
3 {α + 4− 2b, (3− 2b)α− 1,−((4− 2b)α + 3− 2b)}

4 {(α + 1− b)2, (bα + 1)2, ((1− b)α− b)2}
D = 3 and 2− 3i

√
3 {α2 + (3− b)α + 2, bα2 − (1− b)α + 1, 2α2 + (1 + b)α + b}

t = − 3
2 + 3i

√
3

2 or {2α2 + (3− 2b)α + 1− b, bα2 + (1 + 2b)α + 2,
|t| = 3 (1− b)α2 − α + b}

1− 3i
√

3 {α2 + α + 1, α2 + α + 1, α2 + α + 1}
or {α2 + (3− b)α + 2 + b, 2bα2 − (1− b)α + 1,

(2 + b)α2 + (1 + 3b)α + 2b}
2 + i

√
3 {α + 2− 2b, (1− 2b)α− 1,−((2− 2b)α + 1− 2b)}

3i
√

3 {(1− 2b)α− 1− b,−((2− b)α + 1− 2b), (1 + b)α + 2− b}
or {(4− 2b)α− 1− b,−((5− b)α + 4− 2b), (1 + b)α + 5− b}

4− i
√

3 {α + 1− 2b,−(2bα + 1), (2b− 1)α + 2b},
{α2 + (2− b)α + 1, bα2 + bα + 1, α2 + bα + b}

or {α2 + (3− b)α + 1,−((1− b)α2 + (1− b)α− 1),
α2 − (1− b)α− 1 + b}

−2 + 2i
√

3 {(α− b)2, ((1 + b)α + 1)2, (bα + 1 + b)2}
D = 3 and 1

2 + 3i
√

3
2 {α + 3− b, (2− b)α− 1,−((3− b)α + 2− b)}

t = −2 + i
√

3 3
2 + 3i

√
3

2
{(α + 1− b)2, (bα + 1)2, ((1− b)α− b)2}|t| =

√
7

D = 3 and 7
2 −

i
√

3
2 {α + 3− b, (2− b)α− 1,−((3− b)α + 2− b)}

t = −1 + i
√

3 5
2 + 3i

√
3

2
{α2 + (2− b)α + 1, bα2 + bα + 1, α2 + bα + b}|t| = 2

D = 3 and
1 + i

√
3 {−(α+3− b),−((2− b)α−1), (3− b)α+2− b}t = − 3

2 + i
√

3
2

|t| =
√

3
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L(t, α, β)
D = 5 and 1− 4i

√
5 {α− 1,−(2α + 1), α + 2}

t = −1 + 2i
√

5 or {α− b,−((1 + b)α + 1), bα + 1 + b}
|t| =

√
21 4− 3i

√
5 {α + 1− b,−(bα + 1),−((1− b)α− b)}

D = 5 and
t2 + t + 7 {α2 +α+1, α2 +α+1, α2 +α+1}t = −1 + i

√
5

|t| =
√

6
D = 6 and 1− 2i

√
6 {α− 1,−(2α + 1), α + 2}

t = −1 + i
√

6 or {α2 + 2α + 2, α2 + 1, 2α2 + 2α + 1}
|t| =

√
7 1− i

√
6 {α2 + α + 1, α2 + α + 1, α2 + α + 1}

D = 7 and

1+i
√

7
2 (2t + 1) +

13−i
√

7
2

{−(α+2−b), (1−b)α−1, (2−b)α+1−b}

t ∈ {−1 + 3i
√

7,− 7
2 + 5i

√
7

2 ,

− 5
2 + 5i

√
7

2 ,− 3
2 + 5i

√
7

2 ,

− 1
2 + 5i

√
7

2 ,−4 + 2i
√

7,

−3 + 2i
√

7,−2 + 2i
√

7,

−1 + 2i
√

7,− 9
2 + 3i

√
7

2 ,

− 7
2 + 3i

√
7

2 ,− 5
2 + 3i

√
7

2 ,

− 3
2 + 3i

√
7

2 ,− 1
2 + 3i

√
7

2 ,

−3 + i
√

7,−2 + i
√

7}
D = 7 and

1−i
√

7
2 (2t + 1)−

13+i
√

7
2

{−(α−b), (1+b)α+1,−(bα+1+b)}
t ∈ {− 1

2 + 5i
√

7
2 ,−2 + 2i

√
7,

−1 + 2i
√

7,− 5
2 + 3i

√
7

2 ,

− 3
2 + 3i

√
7

2 ,− 1
2 + 3i

√
7

2 ,

−2 + i
√

7,−1 + i
√

7}
D = 7 and

2t + 1− i2
√

7 {−(α + 1− b), bα + 1, (1− b)α− b}|t| ≥ 2
D = 7 and 6− i

√
7 {α + 2− 2b, (1− 2b)α− 1,−((2− 2b)α + 1− 2b)}

t = − 3
2 + 3i

√
7

2 5− 2i
√

7 {α + 3− 2b, (2− 2b)α− 1,−((3− 2b)α + 2− 2b)}
|t| = 3

√
2 1 + 2i

√
7 {−(α2 + (3− 2b)α + 1− b),

(1− b)α2 + (1− 2b)α− 1,
−((1− b)α2 − α− 1 + b)}

D = 7 and 1− 2i
√

7 {α + 1− 2b,−(2bα + 1), (2b− 1)α + 2b}
t = − 1

2 + 3i
√

7
2 1 + 2i

√
7 {−(α + 2− 2b),−((1− 2b)α− 1), (2− 2b)α + 1− 2b}

|t| = 4 7
2 + 5i

√
7

2 {−(2α + 1− b), (1 + b)α + 2, (1− b)α− 1− b}
7
2 −

5i
√

7
2 {2α + 2− b,−(bα + 2),−((2− b)α− b)}

−3 {α2 + (2− 2b)α− b, (b− 1)α2 + 2bα + 1,
−(bα2 + 2α + 1− b)}

−5 {α2 + (3− 2b)α− b, (b− 2)α2 + (2b− 1)α + 1,
−(bα2 + 3α + 2− b)}

−7 {α2 + (4− 2b)α− b, (b− 3)α2 + (2b− 2)α + 1,
−(bα2 + 4α + 3− b)}

or {(α + 1− b)2, (bα + 1)2 or ((1− b)α− b)2}
D = 7 and 4 + i

√
7 {α + 3− b, (2− b)α− 1,−((3− b)α + 2− b)}

t = −2 + i
√

7 5 {α2 + (3− b)α + 1,−((1− b)α2 + (1− b)α− 1),
|t| =

√
11 α2 − (1− b)α− 1 + b}



8 PETER KIRSCHENHOFER, CATRIN LAMPL, AND JÖRG M. THUSWALDNER

L(t, α, β)
D = 7 and 1− 2i

√
7 {(5− 3b)α− 2− b,−((7− 2b)α + 5− 3b),

t = −1 + i
√

7 (2 + b)α + 7− 2b},
|t| = 2

√
2 {−(α2 + α + 1− b),−((1− b)α2 + α + 1),

−((1− b)α2 + (1− 2b)α + 1− b)},
{−(α2 + (3− 3b)α− 1− b), (3− 2b)α2 + (1− 3b)α− 1,

(1 + b)α2 + (5− b)α + 3− 2b},
{−(α2 + (4− 3b)α− 2− b), (5− 2b)α2 + (2− 3b)α− 1,

(2 + b)α2 + (8− b)α + 5− 2b},
{3α2 + (4− 2b)α + 1− b, bα2 + (2 + 2b)α + 3,

(1− b)α2 − 2α + b},
{(2− b)α2 + (3− 3b)α− 1− b,
−((2− b)α2 − (1 + b)α− 2 + b),
−((1 + b)α2 + (5− b)α + 2− b)}

or {−((11− 5b)α2 − (2 + 3b)α− 6 + 4b),
−((7 + 2b)α2 + (24− 7b)α + 11− 5b),

(6− 4b)α2 + (10− 11b)α− 7− 2b}
1 + 2i

√
7 {3α + 3− b,−(bα + 3),−((3− b)α− b)},

{3α− b,−((3 + b)α + 3), bα + 3 + b},
{(1− 2b)α− 1− b,−((2− b)α + 1− 2b),

(1 + b)α + 2− b},
{3α + 6− 4b, (3− 4b)α− 3,−((6− 4b)α + 3− 4b)},

{−(α2 + 2α− b), (1 + b)α2 − 1, bα2 + (2 + 2b)α + 1 + b},
{−(α2 + 2α + 3 + b),−((2 + b)α2 + 1),
−((3 + b)α2 + (4 + 2b)α + 2 + b)}
or {−(bα2 + (1 + 3b)α + 2 + b),
−((1− b)α2 − (1 + b)α + b),

−((2 + b)α2 + (3− b)α + 1− b)}
5
2 −

i
√

7
2 {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}

or {−(2bα + 1 + b),−((1− b)α− 2b), (1 + b)α + 1− b}
5
2 + i

√
7

2 {2α + 2− b,−(bα + 2),−((2− b)α− b)}
or {−(2α− b), (2 + b)α + 2,−(bα + 2 + b)}

−i
√

7 {α2 + α + 1, α2 + α + 1, α2 + α + 1}
or {4α2 + (5− 2b)α + 1− b, bα2 + (3 + 2b)α + 4,

(1− b)α2 − 3α + b}
D = 7 and

2 + i
√

7 {−(α+3− b),−((2− b)α−1), (3− b)α+2− b}t = − 3
2 + i

√
7

2
|t| = 2

D = 10 and
t2 + t + 7 {α2 +α+1, α2 +α+1, α2 +α+1}t = −1 + i

√
10

|t| =
√

11
D = 11 and

2+i
√

11
2 (2t + 1) +

1
2 (19− 2i

√
11)

{−(α+2− b),−((1− b)α−1), (2− b)α+1− b}t ∈ {− 3
2 + 3i

√
11

2 ,− 1
2 + 3i

√
11

2 ,

−3 + i
√

11,−2 + i
√

11,

−1 + i
√

11}
D = 11 and 2−i

√
11

2 (2t + 1)−
1
2 (19 + 2i

√
11)

{−(α−b), (1+b)α+1,−(bα+1+b)}
t ∈ {− 1

2 + 3i
√

11
2 ,−1 + i

√
11}

D = 11 and

3
2 (2t + 1)− 5i

√
11

2
{−(α + 1− b), bα + 1, (1− b)α− b}

t ∈ {− 1
2 + 5i

√
11

2 ,−3 + 2i
√

11,

−2 + 2i
√

11,−1 + 2i
√

11,

− 7
2 + 3i

√
11

2 ,− 5
2 + 3i

√
11

2 ,

− 3
2 + 3i

√
11

2 ,− 1
2 + 3i

√
11

2 ,

−3 + i
√

11,−2 + i
√

11,

−1 + i
√

11}
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L(t, α, β)
D = 11 and 1− 2i

√
11 {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}

t = −1 + i
√

11 or {2α + 4− 3b, (2− 3b)α− 2,−((4− 3b)α + 2− 3b)}
|t| = 2

√
3 − 1

2 −
3i
√

11
2 {α2 + (2− b)α + 1, bα2 + bα + 1, α2 + bα + b}

4 + i
√

11 {α2 + α + 1, α2 + α + 1, α2 + α + 1}
or {−(2α2 + (2− 2b)α− 1− b),

(1− b)α2 − (2 + 2b)α− 2,
(1 + b)α2 + 4α + 1− b}

− 5
2 −

3i
√

11
2 {α2 + (2− b)α + 2, (1 + b)α2 + bα + 1,

2α2 + (2 + b)α + 1 + b}
D = 13 and

t2 + t + 7 {α2 +α+1, α2 +α+1, α2 +α+1}t = −1 + i
√

13
|t| =

√
14

D = 15 and 3+i
√

15
2 (2t + 1) +

1
2 (25− 3i

√
15)

{−(α+2− b),−((1− b)α−1), (2− b)α+1− b}t ∈ {−2 + i
√

15,−1 + i
√

15}

D = 15 and
1+2i

√
15 {−(α−b), (1+b)α+1,−(bα+1+b)}t = −1 + i

√
15

|t| = 4
D = 15 and

2(2t + 1)− 3i
√

15 {−(α + 1− b), bα + 1, (1− b)α− b}t ∈ {− 1
2 + 3i

√
15

2 ,−2 + i
√

15,

−1 + i
√

15}
D = 15 and

3 {α2 +α+1, α2 +α+1, α2 +α+1}t = − 1
2 + i

√
15

2
|t| = 2

D = 19 and 11
2 − 3i

√
19

2 {α + 2− b, (1− b)α− 1,−((2− b)α + 1− b)}
t = −1 + i

√
19 5

2−
3i
√

19
2

{α+1−b,−(bα+1),−((1−b)α−b)}|t| = 2
√

5
D = 19 and −3 {2α + 3− b, (1− b)α− 2,−((3− b)α + 1− b)}

t = − 1
2 + i

√
19

2 2 {α2 + α + 1, α2 + α + 1, α2 + α + 1}
|t| =

√
5 4 {(α2 + α + 1)2, (α2 + α + 1)2, (α2 + α + 1)2}

D = 23, 31, 35, 39 and
t2 + t + 7 {α2 +α+1, α2 +α+1, α2 +α+1}

t = − 3
2 + i

√
D

2

D = 23 and i
√

23 {α− 1,−(2α + 1), α + 2},
t = − 1

2 + i
√

23
2 {3α + 2− b,−((1 + b)α + 3),−((2− b)α− 1− b)}

|t| =
√

6 or {5α + 3− b,−((2 + b)α + 5),−((3− b)α− 2− b)}
3
2 + i

√
23

2 {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}
3
2 −

i
√

23
2 {−(2α + 2− b), bα + 2, (2− b)α− b}

D = 31 and i
√

31 {α− 1,−(2α + 1), α + 2},
t = − 1

2 + i
√

31
2 {−(3α + 2− b), (1 + b)α + 3, (2− b)α− 1− b}

|t| = 2
√

2 or {−(5α + 4− 3b), (1 + 3b)α + 5, (4− 3b)α− 1− 3b}
1
2 −

i
√

31
2 {2α + 1− b,−((1 + b)α + 2),−((1− b)α− 1− b)}

1
2 + i

√
31

2 {−(2α + 2− b), bα + 2, (2− b)α− b}
−3 {α2 + α + 2, 2α2 + α + 1, 2α2 + 3α + 2},

{α2 + 2α + 2, α2 + 1, 2α2 + 2α + 1}
or {(b + 1)α2 + (b + 2)α + 2, α2 + bα + 1 + b,

2α2 − (b− 2)α + 1}
D = 35, 39, 43, 47, 51, 55 and

t2 + t + 7 {α2 +α+1, α2 +α+1, α2 +α+1}
t = − 1

2 + i
√

D
2

D = 35 and i
√

35 {α− 1,−(2α + 1), α + 2},
t = − 1

2 + i
√

35
2 {−(2α + 1− b), (1 + b)α + 2, (1− b)α− 1− b}

|t| = 3 or {−(2α + 2− b), bα + 2, (2− b)α− b}
4 {(α2 + α + 1)2, (α2 + α + 1)2, (α2 + α + 1)2}
−5 {α2 + α + 4, 4α2 + α + 1, 4α2 + 7α + 4}

or {α2 + 2α + 2, α2 + 1, 2α2 + 2α + 1}
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Remark. In case D = 2 we have for all t ∈ {−1+10i
√

2,−5+9i
√

2,−7+7i
√

2,−7+4i
√

2,−5+
2i
√

2} that |Nk(α)/k(α−1)| = |Nk(α)/k(α+1−b)| = |2t+1|, but none of the conjugates of α+1−b

is associated to any of the conjugates of α− 1 since the quotient Nk(α)/k(α+1−b)

Nk(α)/k(α−1) is not an element
of Zk.
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